It is demonstrated that the energetically favorable non-stationary modes with negative hydraulic resistance are permissible in certain conditions. The obtained conclusions may be used for development of the hydrodynamic basis of modelling the energy-optimal blood flow realized in the cardiovascular system in norm.
Introduction
Since the times of Leonardo da Vinci there has been an issue of extremely high energetic efficiency of blood circulation in the cardiovascular system (CVS) observed under its normal performance. Actually, admissibility of such an efficiency cannot be established when modelling the blood flow process along the vessels using the traditional Poiseuille law [1] . This law relates the velocity of fluid volume transfer along the tube with its radius (and difference of pressures on tube's ends) and results from an exact stationary solution of the Navier-Stokes equations for Hagen-Poiseuille flow along the tube unlimited in length and circular cross-section permanent in time and along the tube's axis. Actually, according to the Poiseuille law the hydraulic resistance increases inversely proportional to the fourth degree of the tube radius value. It leads to the values, which are incompatible for small arterioles and capillaries with the observed normal CVS performance in relatively low expenditure of energy [2] [3] [4] .
Modelling of pulsating nonstationary mode of viscous incompressible fluid flow taking into account the probability of the tube radius change in time is proposed in the present paper. At the same time, derived are the new equations of viscous incompressible fluid whose nonstationary solutions generalize the classical solution for HagenPoiseuille flow. Actually, usually when deriving the equations of hydrodynamics the parameters characterizing the fluid boundaries and its volume are supposed to be temporary independent [1] . At the same time, for example, when modeling blood flow along the vessels with elastic walls, we have to face a need for creating such a modification of the hydrodynamic equations to make it possible to take into account the change in time of radius of the tube, along which the fluid flows under the action of the relevant pressure gradient along the tube's axis. The paper proposes the simplest modification, which, for the present, takes into account only a synchronous change in time of radius of the tube along its entire length. Besides, obtained is a generalization of the well-known model of optimal branching tube [5] for the case of a new non-stationary solution of hydrodynamic equations. The result shows that the hydraulic resistance may even take negative values in a certain range of variations of the problem parameters characterizing the degree of deflection of flow from a stationary mode for the tubes with both constant and variable in time radii.
Modification of hydrodynamic equation
Let us consider the relevant modification of the Navier-Stokes equations and the continuity equations in order to model a nonstationary flow mode in the time-varying radius tube. Assume that in the unlimited in length tube, on a segment of fixed arbitrary length L, occurs the varying of the radius R(t) in time, and such a varying is the same along all this segment of tube. The fluid can flow in and flow out of the one segment of tube. Let the corresponding velocity of the resulting volume source of fluid be equal to value Q 0 (t), where Q 0 > 0 when flowing into the considered tube segment. In case of flowing out the fluid has a negative volume velocity value Q 0 < 0, it occurs when the fluid is flowing out of this part of the tube. Thus, the time-varying volume of the considered tube segment is equal to In Supplement (see (S.1) -(S.4)) derived is the continuity equation which differs from the case of fluid flow in a fixed volume and is the following:
where ū is a vector of velocity of viscous incompressible fluid flow in the tube. For derivation (1) used are the mass conservation law in the form of (S.1) [1] and the well-known formula of differentiation of integral with variable limits of integration.
The left part of equation (1) does not include the value of the tube segment's length L, which may be arbitrary in this case. It occurs because the varying of the tube radius in time is homogeneous along the whole considered tube's segment. If this radius value is defined by, for example, a pulse wave which propagates along the tube with velocity c 0 , then and instead of (1) we obtain the following continuity equation:
In the left part of equation (3) already observed is an explicit dependence on length L whose value has to correspond to a typical longitudinal (along the tube axis) scale.
For simplicity's sake, let us consider a case corresponding to the mass conservation law in the form of equation (1) . At the same time, only in the equation for radial component of impulse as well as in (1) appears an where Laplace operator ν is a kinematic viscosity coefficient, ρ 0 is a constant density of fluid, and due to assumption of axial symmetry lacking are the derivatives with respect to angular variable φ which the considered components of velocity field u r , u φ , u z and pressure p do not depend on. Let us consider the system of equations (4)- (6) together with the continuity equation in the form (1) when in (1) (for case (3) the form of equations (4)-(6) is different-looking). In addition to equations (4)-(6) let us use the following boundary conditions on a moveable solid tube wall: 
According to boundary condition (8) 2. Nonstationary generalization of the Hagen-Poiseuille flow 1 . Let us consider a nonstationary mode of flow in tube with time-varying radius. This mode is a generalization of the well-known classical stationary exact solution of hydrodynamic equations corresponding to the Hagen-Poiseuille flow (along the tube with constant radius and corresponding zero intensity of sources and drains of fluid [1] when should be put into (1) and (4)-(10)).
For nonstationary generalization of Hagen-Poiseuille (HP) flow taking into account the probability of varying the tube radius in time, from (1),(4)-(10) results the following (where
is designated, as a function of only time, pressure drop on distance L, when in (6) we have Δp(t)).
Nonzero radial component of velocity field in solution (11) appears due to necessity of conservation of viscous incompressible fluid mass when flowing along the tube with time-varying radius and required is equation (1) execution under conditions (9) and (10) (see explanations in Supplement). In (11), for longitudinal velocity component u z , conserved is the radial structure typical for HP flow in the tube with constant in time radius. Besides, however, an execution of additional relation is required in (11) Actually, representation (11) satisfies equation (6) as the left side of equation (6) becomes to zero under set in (11) form of u r for case of arbitrary dependence of u z on dimensionless group R ⁄ R(t).
Pressure field for solution (11) is the following: 
imum for velocity u z component on the tube axis a V-shaped. As opposed to it, the next paragraph considers a new nonstationary fluidity mode with M-shaped radial distribution of longitudinal velocity component u z , which generally has an arbitrary number of local maxima along the radial coordinate that varies from axis to the tube wall. 2. Let us calculate for solution (11) volume of fluid which flows across the considered nonstationary cross section of the tube during time interval from the beginning of the tube radius R(t 0 ) extension at time moment t 0 to time moment t 1 when the tube radius is the biggest. Besides, assume that t 1 >>t 0 . When t > t 1 the mode of tube radius reduction starts and continues up to the time moment t 2 > t 1 when the tube radius is R(t 0 ) again. The indicated value of volume, pumped during T = t 2 -t 0 interval, may be used for evaluation of stroke volume in heart during rapid and slow blood ejection from left ventricle into aorta. At the same time, we obtain the following representation from (11) for nondimensional quantity of volume pumped during time T:
Let us calculate a total work expended during the same period of time due to transmission of fluid volume (14). For nonstationary mode of flow (11)-(13) the total work is the following: At the same time, in expressions (14) and (15) a form of dependence on time for function s(τ) corresponds to limitations related to only requirement of sufficient smoothness of this function which is defined by condition of continuity of varying in time the radial component of velocity field in (11).
Arbitrariness, which still exist when selecting the form of function s(τ), may be limited by selecting such modes of extension and reduction of the tube radius under which minimal is the value of work (15) expended for the given fluid volume (14) transmission during time T.
Let us consider the solution of the following variational problem in conditional extremum (type of isoperimetric problem) when it is necessary to define the form of functions s, for which the work functional reaches its extremum (minimum) in fixed fluid volume g = g 0 = const in (14) pumped within the period of extension and further reduction to the initial tube radius s(y) = 1.
Using the Lagrange method of multipliers we solve the problem of finding the extremum of functional:
In the class of smooth functions s satisfying the following conditions Setting the first variation of functional (16) equal to zero we obtain the following nonlinear equation for defining such functions s, which the extremum of work is achieved for in (15): Let us consider two different exact solutions of equation (18) in the following two items.
3. One of the two exact nonlinear equation (18) ( Let us note, that equalities g + correspond to solutions (19), (20), where is the volume pumped during time period g -, and Equation (18) determines a probable form of function s allowing only tube radius changes under which achieved is the conditional extremum for work value (15) under condition (17) when the value of the first variation from (16) is equal to zero. To specify this extremum type it is necessary to consider the second variation of functional (16) value which, in general, is the following:
Before defining the sign on the right side (21) we should determine the Lagrange multiplier value, which, according to (18) (at the same time, 
when b < 0 assumed is an execution of inequality y < g 0 + 1, and when b > 0 the noted above inequality g 0 < y-1 <3g 0 has to be executed), is the following:
Equation (22) It is easy to verify that the second variation of functional in (21) is exactly equal to zero (in case of the above assumption on independence of variation value from time, otherwise the second variation is negative in general case that corresponds to maximum of work) for solution (24) taking into account expression (25). As a result, solution (24), as well as (19) and (20) at b < 0, cannot pretend to be an energetically advantageous mode of fluid flow.
At the same time, in solutions (19) and (20) at b > 0 (that corresponds to an initial reduction and only afterwards an extension of the tube up to initial radius) possible is the realization of energetically advantageous fluid flow mode, and an execution of condition (23) is necessary for it.
Relation (23) may be also used in modelling some phases of cardiac cycle. Besides, an energetically optimal mode of CVS performance, as it follows from (23), may be defined by
correlation between the dimensionless duration of this phase y -1 and the corresponding dimensionless value of blood volume g 0 pumped through the aorta cross-section during this time. Besides, the blood stroke volume value V st and the used nondimensional value of volume g 0 may be related by where volume V 0 is defined in (14).
3. Nonstationary mode with M-shaped profile 1 . Now let us consider the nonstationary mode where the pressure gradient along the tube axis may be a function of time regardless of whether the tube radius varies or not, as in the previous paragraph. For this sake, let us use the following concrete representation for nonstationary longitudinal pressure gradient:
At condition (27) the exact solution of hydrodynamic equations (1), (4)- (6) for the tube with time-varying radius R(t) is the following (see also [3] , where obtained is the similar nonstationary solution for the constant tube radius): 
where J 0 is a Bessel function of zero order, and is an analog of Womersley parameter [4] . In [7] considered is the case of periodic variability of longitudinal pressure gradient in time, when in (27) value λ = i.ω, where i is a complex unit. Solution (28) in case, when u r = 0; R = const; λ = const; a 0 = const exactly coincides with the solution obtained in [6] .
In flow mode (28) the radial distribution of the velocity longitudinal component u r (r, t) may already have not one extremum (maximum on the tube axis), as in (11), but several local extrema when changing the radial coordinate. Such a mode is called M-shaped though the extrema quantity in (28) may be more than three in the tube cross-section when 0 ≤ r < R.
However, it occurs at not any value of parameter α but only in case of rather high above threshold values of this parameter which characterizes the initial velocity of changing the longitudinal pressure gradient:
where j 1,n are zeros of the Bessel function of the first order, i.e. J 1 (j 1,n ) = 0. Actually, the position of extrema of longitudinal velocity component in (28) is determined from the condition when the derivative z u r ¶ ¶ is equal to zero, that takes J 1 (rα ∕ R) = 0 or (rα ∕ R) = j 1,n ; n = 1, 2... form. At the same time, from condition r<R evident is inequality (29) which determines the threshold values of parameter α necessary for realization of the M-shaped mode of the corresponding order by number n. For example, an M-shaped profile of radial distribution of longitudinal velocity component is already obtained for parameter α values, satisfying condition j 0,2 < α < j 0,3 , when inequality (29) is fulfilled only at n=1 as j 1,1 < j 0,2 . In this example the radial distribution profile u z (r) actually has a form of inverted M letter. An M-shaped profile of radial distribution of longitudinal velocity field component has been considered earlier in the theory by Poyedintsev-Voronova in connection with an introduction of idea of the so-called "third" (i.e. not turbulent and not laminar) mode of fluidity [8] [9] [10] . Such a mode has been offered in those studies for mathematical modelling of energetically optimal blood flow mode in CVS. As opposed to the axiomatically introduced in [8] [9] [10] M-shaped mode, the flow mode (28) is an exact solution of Navier-Stokes equations. Let us note that the M-shape in profile shown in [8] [9] [10] is used to interpret the observed radial distribution of erythrocytes that prevents them from damage when colliding with blood vessel walls at nonstationary pulsating mode which precedes the establishment of stationary mode of Hagen-Poiseuille flow.
Nonstationary solution (28) corresponds to the case of tube with time-varying radius R(t), but its radial M-shaped structure is related not only to the presence of dependence on time for tube radius. Thus, in [6] we actually obtain the similar M-shaped mode for the tube with constant in time radius but nonstationary pressure gradient as in (27).
2. For mode (28) exist conditions under which it possesses extraordinary high energetic efficiency when the wall flow of impulse is a positive value and directed not from the flow to the tube solid wall, as in solution (11) In particular, for the given above example of М-shaped velocity profile (corresponding to value n=1 in inequality (29)) from condition (31) follows the limitation on the analogue of the Womersley parameter in the form of j 0,2 < α < j 1,2 as it is wellknown that j 1,2 < j 0,3 .
Thus, in general case, condition (31) supplements the condition (29), which provides the presence of M-shape in radial velocity profile, and they can exist together only under condition of j 0,m > j 1,n for m > n = 1, 2, ... for each n in condition (29). This condition marks the range of change of the pa- 
Model of optimal branching tube
As in [5] , let us consider a problem of uniform distribution of fluid on the three-dimensional area using the system of branching tubes (BT). The BT system begins in some part of the surface (limiting the noted area) in the form of one tube having zero number of generation n = 0. Then the m-like branches of smaller diameter generate from the tube and they are assigned with the first generation number n = 1. Each of these branches also divides into m-branches of the second generation with number n = 2 and so on till the tubes with generation number n = N. For simplicity's sake, within the framework of the given model assumed is an identity of all the tubes' lengths and diameters in all the branches with the same generation number n. Each branch of the tube with generation number n is corresponded to its own three-dimensional area, which is supplied by this branch and all the branches with higher generation numbers appearing from this branch. It is a dichotomic branching when m = 2, and, in general, the m value does not have to be even an integer number [5] .
The BT model may be widely applicated in evaluation of transport processes efficiency in many natural and technical systems. For example, in circulatory, respiratory, irrigation systems and many others.
At the same time the theory [5] follows from simple hypotheses of similarity and limitation of the transported fluid volume when finding the conditions of the hydraulic resistance minimum. As a result, in [5] derived are the basic laws of changing the tubes section lengths and areas depending on the generation number n which characterizes the degree of remoteness from source of fluid when describing its transportation along each tube according to Hagen-Poiseuille (HP) stationary flow.
In the present paragraph generalized are the theory [5] conclusions for nonstationary M-shaped mode flow described by hydrodynamic equation (28) representation for hydraulic resistance corresponding the Poiseuille law for stationary HP flow used in [5] when considering the optimal BT model. Within the limit α << 1 from (32) we have When substituting L → L n , R → R n , α → α n in (32) we observe correspondence with designations used in [5] for consideration of the tube with generation number of branching n. As a result, on the basis of (32) the next generalization of the optimal BT model for nonstationary flow in BT described in solution (28), may be obtained. Actually, now basing on (32) we can obtain a new representation for total hydraulic resistance of the whole BT which generalizes conclusions [5] :
In (33) the value of mass consumption velocity Q = ρ 0 .Q 0 is defined for nonstationary М-shaped mode (28) using the volume consumption velocity Q 0 , which is the following:
As shown above (when analyzing (32)), even for low values of parameter α n the hydraulic resistance value tends to reduction when this parameter increases. Moreover, in the opposite limit of large parameter α n >> 1 where function F 0 is defined in (33). In (36) the value λ n of the index of exponential decay in time for pressure gradient in tube with n number of
generation may also depend on the tube radius R n . In particular, for the case with (for this purpose we may use representation about the dependent on generation number efficient viscosity with corresponding kinematic viscosity coefficient) in (33) value does not depend on R n any more. Besides, from (36) we obtain an expression which generalizes the conclusion derived in [5] :
Let us note, that (37) has a multiplier in square brackets, which may significantly define the dependence of the optimal tube radius value in (37) on the generation n number. Actually, nowhere in the obtained formulas (32)-(37) the presence or absence of the dependence on time for tube radius in each of the generations n=0, 1, 2, …N is shown. It is provided by an execution of condition (27) owing to which the obtained new relations for optimal BT corresponding to solution (28) turn out to be true in case with the tubes having both constant in time radii and changing in time radii with elastic walls.
Energetic optimality of М-shaped flow mode
Let us use expression (34) for definition of value of total fluid volume flowing through the tube cross-section during the whole period of extension-reduction cycle. At the same time it is possible to define the value of total work necessary to expend to realize this hydrodynamic mode (28)
during this time period (as it has been done in paragraph 2 for flow mode (11)). Thus, it is not hard to obtain from (34) the following representation for total nondimensional volume g (flown through the tube cross-section during time period Δt = t2 -t0) and total nondimensional work a corresponding to this mode:
.
. (40) . (41) .
. 
drr ( 1), n 0,1, 2; J ( ) Let us consider the next isoperimetric problem of conditional extremum of work functional a at a fixed volume g = g 0 = const, investigating the functional variations F = a + λ L .g. Within the limit M 1 << 1 in expression for nondimensional work a in (40) it is possible to neglect the second (proportional to γ) and the third (proportional to I 13 ) terms in square bracket. However, in (40) let us save the term proportional to γ L . From the first variation δF = 0 equality to zero we obtain (if variation δs(τ) is independent on time) the following nonlinear integral equation for definition of function s(τ) type:
Within the limit λt 0 (t 0 ) << 1 in (41) we can consider an approximation, in which remained are only terms proportional to the first order of small parameter λt 0 (t 0 ). Thus, equation (41) solution may be defined in quadratures in the following form:
In (42) C is a constant of integration. Within the limit q << 1 from (42) it is possible to obtain an explicit representation for solution which can be used for formation of the cyclic mode (as it has been done for mode (24) formation):
In (43) 
. (47) . (50) .
. (49) s(1) = s(y) = 1. From (43) and condition of continuity of tube radius changing at time moment τ = ε (when the tube extension mode is replaced by the reduction one) we obtain the following interrelation between parameters:
Thus, from condition g = g 0 (38) and (43) derived is the following equality (at q > 0, when inequality execution is needed for that in (44)):
In (45) the fixed volume value is g 0 > 0. From (45) and (44) it is possible to define values q and ε as functions of parameters y, λ(t 0 )t 0 and α. Within the limit 2 λ(t 0 )t 0 ε>>1 at 2 λ(t 0 )t 0 (y -ε)<1 in (45) we have g + >>g -, when from (44) (under condition y<<1; ε>>1; λ(t 0 )t 0 <<1) and (45) we obtain representations for q and ε: 
1 2 (t )t (y ) 1 2 (t )t ( 1) (1 2 (t )t (y ) 
Inequalities (48) and (49) are condition of energetical optimality for М-shaped mode (28). Their analog, which determines the energetical optimality condition for nonstationary mode (11), is expressed by inequality (23).
Thus, for non-stationary solution (27), (28) at the mode of tube radius changing in the form of (43) the energetically advantageous mode of fluid transportation along the tube at condition (48), (49) execution may be realized. Comparison with the considered above similar condition (23) for flow (11) demonstrates that the realization of energetically optimal mode of fluid transportation along the tube with time-varying radius is possible within wider limits for nonstationary flow (28).
The balance equation for volume consumption
From equation (6) for velocity field longitudinal component and executing (9) we obtain the following equation for volume consumption Q 0 :
In (50) the right side may be strictly positive at condition of pressure gradient a(t) > 0 and only in case of positivity of impulse flow on tube wall σ > 0. As noted above, it is possible just in case of realization of non-equilibrium nonstationary effect of negative viscosity type (see, for example, (30) under condition (31)).
Using the exact solution of equation (50) in the form of (34) let us determine an interrelation between the value of average velocity
and the tube radius R(t) at pulsating mode flow. At the same time, let us consider a general case for various arbitrary (not only optimal as in previous paragraph) modes of the tube walls' extension and reduction. Let the tube radius change according to the set power law When extending the tube in (51) index value p > 0. For modelling the pulsating mode we consider the phase of extension on time interval from t 0 to t 1 , when the dependence of tube radius on time is defined by function (51). The reduction phase is defined on time interval from t 1 to t 2 , during this phase the tube radius changes according to the following law:
Besides, a condition of correlation between representations (51) and (52) is an execution of the following equality which establishes relations between parameters involved in (51), (52):
According to (34) the average (in tube cross-section) velocity decreases by power law only at the mode of extension (51) when the index is p=1/2:
In other cases the mode of evolution in time is rapider than the power one.
Let us note, that just for solution (43), which corresponds to an optimal energetical advantageous transportation mode, typical is the same index of power as for (52) under p=1/2, which 
(52)
provides a power mode of average velocity changing in (54). Besides, observed is a qualitative correspondence to conclusions [8] - [10] , in which we used an axiomatic construction of description of average velocity interelated to pulsating change of tube radius in time when describing the system of optimal blood transportation in cardiovascular system. However, in [10] for description of mode of (51) type used was index p=1/5, not p=1/2, as it has to follow from considerations given in the present study. The studies [8 -10] results have already found their application (see [10] for more details) in medical practice for evaluation of cardiovascular system (CVS) functional state in a norm and under negative influences such as both the CVS pathology and environmental factors change (during space mission, etc.). Thus, the present study considers some aspects related to a possibility of energetically advantageous fluid transport realization owing to taking into account the pulsating mode of the fluid supply into the system and optimal structure of branching tubes. The obtained conclusions on energetical efficiency of just the pulsating transportation mode, realized at conditions defined above, supplement the existing conclusions [11 -13] . [11 -13] consider swirling flows whose realization in CVS is also found to be important for interpretation of high coefficient of efficiency in normal CVS performance. In its turn, providing the normal CVS performance influences all other integrative systems of organism [14] and defines the degree of the organism sensitivity to changing factors of environment [15] . The study is supported by RSF, project No. 14-17-00806 Supplement Usually when deriving the continuity equations considered is the law of mass conservation of fluid with density ρ, located in volume V and flowing with velocity ū (see (1.1) in [1] , p.14):
Here in the right side (S.1) a possibility of existence of source (at Q > 0) or drain (Q < 0) of fluid mass, characterized by mass velocity value Q = Q(t), is taken into account.
Generally, in (S.1) the value of volume V may depend on time V=V(t). At the same time it is possible to use formula (2) when calculating time derivative in the first term in (S.1).
For example, in case of flow along the tube with time-varying radius R(t) (which is the same along the whole considered tube length L) the value of volume in (S.1) is found to be dependent on time just owing to the R(t) variability. In this case equation (S.1) in axisymmetric case (when absent is the dependence of considered fields on angular variable φ at introduction of cylindrical coordinates z, r, φ with axis z coinciding with the tube axis) takes the following form (taking into account (2)):
where R =dR/dt. Let us consider (S.2) for incompressible fluid with constant density ρ =ρ 0 =const. Let us also take into account the following identity In [1] when deriving the continuity equation (see (1.2) in [1] ) for case of stationary fluid volume, basing on equality of this volume integral to zero, we make a conclusion about necessity of converting to zero the subintegral function because an integral has to be equal to zero in any volume. For equation (S.4) its execution is also required regardless of the value of considered in (S.4) nonstationary volume the integration is carried out over. Thus, following the logics of [1] , we obtain equation (1) . Indeed, in case of fixed volume of integration (for example, forset value L and function R(t)) equation (1) does not have to follow from equality (S.4). However, at the same time, knowingly true is the converse proposition that equation (1) execution is sufficient to satisfy equation (S.4) which is required to be exactly executed because of the mass conservation law. It is important to keep in mind that equation (1) at the same time describes the mass conservation law for viscous incompressible fluid just for the case of time-varying tube radius, when common condition of zero divergence of velocity field is substituted by equation (1) with not equal to zero right side. Actually, the right side of equation (1) (which describes capacity of externak sources in the mode of tube extension or drains in the mode of tube reduction) has to be nonzero in case of any radius change in time. It has a form of (10) at the mode of velocity radial component change in the form of (9) (see also (11)), which is obtained according to boundary conditions of sticking on solid boundary of the tube with time-varying radius. Besides, in any volume of fluid, separated inside the tube, an influence of presence of the external source-drain of the fluid described by right sides (1) and (10) has to be evident. For the case of running wave R = R(z-c 0 t) from (S.1) it is easy to obtain the continuity equation modification in form (3) using the same method.
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